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On the topological characterization of the real line

by

A.E. Brouwer

Summary

[n [1] Franklin and Krishnarao stated that a separable connected locally
zompact Hausdorff space in which each point is a strong cutpoint is
1omeomorphic to the real line. This is correct, but their prcof is not.
lere we give a proof of this and some related statements and two counter

:xamples,

I. Introduction

\ connected space X is called treelike if for each pair of points

>, ¢ € X there is a third point r € X which separates p and q. Clearly
v treelike space is Hausdorff. '

\ topological space is called rimcompact or,what is the same, (locally)
>eripherally compact if it has a base consisting of open sets with
rompact boundary. ‘

\ locally compact Hausdorff space is rimcompact, and a rimcompact
lausdorff space is completely regular.

. topological space is called weakly orderable if it can be ordered in
juch a way that the open orderintervals are open sets but do not neces-
arily constitute a base.

. point p of the connected space X is called a strong cutpoint (of X)

f X\p decomposes into exactly two components.




-1] Franklin and Krishnarao state

Jrem 1 A separable connected locally compact Hausdorff space in
which each point is a strong cutpoint is homeomorphic to the

real line,

s 1s true, but their proof is incorrect as it would also apply to
re the same statement with locally compact replaced by rimcompact,
th is incorrect as is shown by the separable metric counterexample:

{(x,y) € R | (x<OAy=sin-%) vV dn: (Oig<2_nA3k§?n—1:]y[= ghﬁl)} c Bg.
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act they ascribe to Kok [3] the fancy-theorem: 'In a connected
dorff space each point being a strong cutpoint is equivalent to
* given three distinct_points, someone separates the other two',

nst which he gives a counterexample.

theorem 1 will follow from

rem 2 A separable connected locally compact Hausdorff space in
which each point is a cutpoint is a treelike space and there-

fore by [2] locally connected and by [4] separable metric.

out separability the space need not be orderable.

ole
K = {(x,y,2) € RB | z > 0} with topology given by the local bases:

{x} x {y} x (z- %, z+ %) (z > =)

U N

Ui(x,y,Z)

U; p(33,0) = (wvaw) € X | (wrvee)® + (y-v)? < 1\
? 1

{(u,vyw) e X | v=y and x # u ¢ F}




el e N and F is a finite set.
X is a locally compact connected Hausdorff space in which each

t is a strong cutpoint, but not locally connected or orderable.

ver, if not only the points but also the compact connected sets

rate the space in exactly two pieces then the space is orderable:

rem 3 A connected locally compact Hausdorff space X is orderable
(without endpoints) if X\C consists of exactly two componen

for each compact connected subset C of X.

he lemma

X be a connected locally compact Hausdorff space in which each poi
cutpoint.
bspace Y of X is called a brush in X if it contains a compact

ected nondegenerated subset C (called the base of Y) such that:

if p € C then C\p is contained in one component Bp of X\p.

Y= u X\B.
peC P

|0

Let X be a connected locally compact Hausdorff space in whi
each point is a cutpoint. If X is not treelike then there i

a brush Y in X.

f of the lemma

Al

e 1s a point p such that a component S of X\p is not open. In this
, choose a point q € S n X\S.

is a connected locally compact Hausdorff space, hence if V is a
act neighbourhood of q in X\S not containing p then the component
q in V must reach V.

ce in a connected space the component of a point in a compact
abourhood V of that point must reach the boundary 9V of V.) But th
snent lies entirely in S and hence is the base for a brush. (If r
the component of X\r containing p also contains X\S and therefore

J\r and a fortiori C\r).




> Bl
each point p € X all components of X\p are open.
te X is not treelike, it contains two points a, b which cannot be
wated by a third point. Let for each point p € X Bp be the compo-
; of X\p containing a or b. Let Sp = X\Bp,then Sp is closed and
lected, and S_\(5_) = {p}. Let W_ = u{S € S } then (since if
. L\ P . g l2esy (
'S _# @ thenS <SS orS <S8 )if W nW_ # @ then W = W_. More-
r q r r q 1Y q 1Y q
', each Wp 1s connected (since the Sq are).

each set Wp there are two possibilities:

it is open; this is the case if for each r € Wp there is a q # r

such that r € Sq

it contains exactly one non-interior point q; in this case WP =S

Q

and 1s therefore closed.

me first that some Wp is open, then a, b ¢ Wp.
te X is connected and Wp z X Wp cannot be closed.
"\W_ = {q} thenp € S so q € W . A contradiction.

plp ' ISR 5 80Q My B
‘efore there are two points g, r € Wp\Wp.
W; is a locally compact connected subspace of X, so we can find two
oint compact neighbourhoods Vq and Vr of q and r resp.

components Cq and C, of q and r in Vq and V. (resp.) cannot both
- W _, since if q, € C N W_and r, € C_ N W_ then there is a point

P T ¢ p 717 r p

Wp such that {q1,r1} c SS, and therefore s separates q, and r,
1 ¢ and r. This however is impossible since s cannot lie both in Cq
C_.

r

‘efore we may suppose C = C_ < W;\Wp. C is non-degenerated by the

qQ
rem already cited in case A, and therefore is the base of a brush.
the same argument: if t € C then the component of X\t containing p

~also contains W;\t and a fortiori C\t.)

ose now that each W_ is closed, i.e. of the form Sq for some q.

Z={q | W =8 1}. 2 is closed, since X\Z = U s’ is open. More-
e Taq 9ez
- {a,b} € Z. If Z were connected we could find a non-degenerate

act connected subset C of Z and take Y = u S_for our brush.
qeC
the very definition of Z, Z\t is contained in one component of

sc. the component containing a or b.)




= 7. + 7. then since X is connected either 3z € Z.: z_ € U S
1 2 2 2° %o q

z, € Z1: z, € U Sq. Suppose Z, € 22 n u Sq.

qez qQ€eZ _
V be a compact neighbourhood of Z, in the locally compact space S
eS= U S such that Vnz, =0,
Q€Z

e V cannot contain a clopen neighbourhood of Z, (each Sq is con- .
ed) the component C of Z, in V must reach 3V. But this component
ot intersect S, hence C c S\s ¢ Zz, and again C is the base for the

hY= u S_.
qeC
. proves the lemma.

'roof of the theorems

jose Y 1s a brush in X with base C.

for each p € C Bp be the component of X\p containing C\p.

Sp = X\Bp. Sp is connected and contains p.
)72 g, Ps @ € C then g € C\p < Bp SO X\Bq c Bp and
1S = (X\Bp) n (X\Bq) = . Since X is regular, C contains at least

q

points p, and therefore X contains a collection of oo pairwise

oint open sets S;. (S; is non-empty since p is a cutpoint of X.)

i implies that X cannot be separable nor satisfy the countable chain
.ition, which proves theorem 2.

» X\C decomposes into at least éx° components, so the hypothesis of
rem 3 implies that X is treelike, and therefore, since in particular
| point is strong cut point, that X is orderable (see [31 and [5]).

, proves theorem 3.

he same way it follows from theorem 2 and the hypothesis of theorem
1at X is orderable and therefore homeomorphic to R. (A homeomorphism
be constructed in the usual way by first constructing an order-iso-
yhism between a countable dense subset of X and §, and then extending
; to an order-isomorphism between X and R. Since both have the order-
ylogy, this is a homeomorphism.)

i proves theorem 1.
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>ted:

1lly peripherally compact treelike space is locally connected.
:like space in which each cutpoint is a strong cutpoint is

7 orderable.

arable locally peripherally compact treelike space is

zable.

111y peripherally compact weakly orderable T, spacc is order-
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